TRUNCATIONS OF MULTILINEAR HANKEL 
OPERATORS 



ALINE BONAMI, SANDRINE GRELLIER & MOHAMMAD KACIM 

Abstract. We extend to multilinear Hankel operators the fact 
that some truncations of bounded Hankel operators are bounded. 
We prove and use a continuity property of bilinear Hilbcrt trans- 
forms on products of Lipschitz spaces and Hardy spaces. 



1. Statement of the results 

We prove that some truncations of bounded multilinear Hankel op- 
erators are bounded. This extends the same property for linear Hankel 
operators, a result obtained by |BBj (and independently in a particular 
case in jDE]), which we first recall. A matrix B = {bmn)m,neN is called 
of Hankel type if bmn = bm+n for some sequence b G /^(N). We can 
identify B with an operator acting on /^(N). Moreover, if we identify 
/^(N) with the complex Hardy space 7i^(D) of the unit disc, then B 
can be realized as the integral operator, called Hankel operator with 
symbol b and denoted by Hj,, which acts on / G Ti.'^{3) by 

Here da is the Euclidean measure on the unit circle. The symbol b 
is given by b{() := YliT=o^kC''- other words, H^f = C{bf) where C 
denotes the Cauchy integral, and /(C) := /(C)- If /(C) = EneN^nC", 
one has 

^^6/(;^) = $^($^aA 



meN nGN 



Now, we consider truncations of matrices, which are defined as follows. 
For 7 G M, the truncated matrix H/3^^(i?) is the matrix whose (m, n) 
entry is bmn or zero, depending on the fact that m > [3n + 7 or not. 
It is proved in |BBj that such truncations, for (3^—1, preserve the 
boundedness for Hankel operators. The proof consists in showing that 
truncations are closely related to bilinear periodic Hilbert transforms. 
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One then uses the theorem of Lacey-Thiele (see |LTlj . |LT2j . |LT3j ) in 
the periodic setting. 

We are interested in the same problem, but for multihnear Hankel 
operators. For n G N, we define the multihnear Hankel operator H^^^ 
as follows. For /i, ...,/„ G H^iB), let 

(/...... /,.)(^) = ^ / "K'^f _-^"g) d.(c) 

= Hbifl X ■ ■ ■ X fn){z) 



whenever fj{z) = X^'^i^*- This last expression means that, when 
equipped with the canonical basis of 7i^(D), the matrix of the operator, 
whose entries are indexed in are given by io, ■ ■ ■ , in G N. 

The truncated operator is obtained when truncating this matrix as fol- 
lows. For /5 = (A, ...,/?„) G R" and 7 G M, we denote by n^,^(i7^^"^) 
the operator with (n + l)-dimensional matrix whose {io, . . . ,iri)-entry 
is if Piii + ■ ■ ■ + Pnin + 7 < "^0 and zero otherwise. Our main 

result is the following. 

THEOREM 1. // //f ^ is a continuous multilinear Hankel opera- 
tor from (7^2(0))" into n^{B), then so are its truncated operators 
n^,^(i7^^"^) for any (3 = 7 G M. Furthermore, there ex- 

ists a constant C = C{v) uniformly hounded when v lies in a compact 
set o/M\ {-1,0} so that 

Theorem^is deduced from an estimate on the bilinear Hilbert trans- 
form in the periodic setting, which is of independent interest. Let us 
first give some notations. The usual Lipschitz spaces of order a of 27r- 
periodic functions are denoted by Aq,(T), while ifP(T) denotes the real 
Hardy space, p > 0. Here T := ]R/27rZ denotes the torus. 

Let h G Aq,(©) and / G 7i''(©). The boundary values of such func- 
tions may be seen either as functions on the set of complex numbers of 
modulus 1, or on the torus T = ]R/27rZ, that is as 27r-periodic functions 
on M. We write /(e**) or /(t) depending on the context, and hope that 
it does not introduce any confusion. 

Let us recall that, for / and h trigonometric polynomials on the torus, 
the periodic bilinear Hilbert transform of / and h is given, for A;, / G Z, 
A; ^ -/, / ^ 0, by 

f dt 

nk,i{bJKx)=p.v. / b{kx + it)f{t)—^. 

Jt tan — 2" 

Lacey-Thiele's Theorem, once transferred to the periodic setting, is the 
following. 
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THEOREM 2. iBB] Letl<p,q<oo with - = - + -<-. Then, for 

r p q 2 

any k,l ^ k ^ ~l and I ^ 0, there exists a constant C = C{k,l) > 
so that, for any f G Lp(T) and any b G L'^(T), 

\\n,Ab,f)\\Lrm<cik,i)\\f\\ 

Furthermore, C{k,l) is uniformly bounded when k/l lies in a compact 
set o/M\ {-1,0}. 

We adapt the definition to our setting, and define, for A;, G Z 
with k 7^ — /, / 7^ and /i G [— /, /], 
(1) 

-Hu^iAb.Dix) = f {b{kx + U)e'^^^~'^-b{{k + l)x))f{{k + l)t)-^. 

J J tan 

We prove the following. 

THEOREM 3. Let 1 < p < oo, < q < p and a = ^ - ^. Let 

k,l,^ & TL, with k ^ —I, I ^ and ^ G [—/,/]. There exists a constant 
C = C{k,l) > so that, for any sufficiently smooth functions b G 
A«(T) and f G Hp{T) 

(2) ||Hfc,z,;.(6,/)l|HP(T)<C||/||H.(T)||&||A.(T). 

Furthermore, C{k,l) is independent of fi and uniformly bounded when 
k/l lies in a compact set o/]R\ {—1,0}. 

In the following, we say that a constant C{k,l) is admissible when 
it is uniformly bounded when k/l lies in a compact set of M \ { — 1, 0}. 

The difficulty, here, is the uniform bound of constants. We remark 
that the limiting case b G L°°{T) is given by the Lacey-Thiele Theorem, 
that is, TheoremEl We will also give a non periodic version of Theorem 
El Our methods rely on the ordinary Calderon-Zygmund theory in a 
bilinear setting for the local part (one may consult [(ilraKj and [(ilraTj ). 
and on transference for the non local part. 

Let us come back to holomorphic functions and to truncations. De- 
note by Aq,(D), a > 0, the space of functions that are holomorphic in 
D and whose boundary values are in Aq,(T). Denote also by 7Y^(D) the 
complex Hardy space on the unit disc, p > 0. Recall that, for p < I, 
the dual of nP(D) is A^W, with p = {a + 1)"^ ([Dj). As an easy 
consequence of duality and factorization, one obtains that the Hankel 
operator Hh is bounded from 7-^^(D) into 7f^(D), with q < p and p > I, 
if and only if the symbol b is in A^i^) with a = ^ — ^. Moreover, there 
exists a constant C such that, for all holomorphic polynomials /, 

(3) \mf)\\nnB)<C\\bh^^j,)x\\f\\n.iB)- 

Theorem IHl has the following corollary, which gives the link with 
truncations. 



4 



ALINE BONAMI, SANDRINE GRELLIER & MOHAMMAD KACIM 



COROLLARY 4. Let 1 < p < oo and < q < p. Let a = \ - ^ 

and b G Aq,(D). Then, for any /3, 7 G M with [3 7^ —1, the operator 
Ilf3^^{Hh) is continuous from TC^ ip) intoTHPiW). More precisely, there 
exists a constant C uniformly hounded for 7 G M and P in a compact 
set of R\ {-1,0} so that 

(4) ||n^,7(^^6)ll 

So, if Hf, is a bounded operator from 7i'^(D) into 7iP(D), its truncates 
Il^^^{Hii) are also bounded. 

Remark 5. For (3 = —1, we are interested in the behavior of the 
norm of the operator Il^i^N{Hb) , for N a positive integer. Then (/ — 
n_i^Ar)(iff,) = Hsf^_-i(b) where Sn gives the N-th-partial sum of the 
Fourier series, that is the convolution operator corresponding to the 
Dirichlet kernel. Then, for 1 < p < 00, < q < p, a = ^ — ^ and 
b G Aq,(D), one has 

\\^-i,'riHb)\\ni{i$)^'HP{o) < ClogN X \\Hi,\\'Hi{]0)^np{i})- 

Moreover, the best constant in the previous inequality is bounded below 
by clogN, with c independent of N. 

This result follows from the fact that \\Sis[\\\^^\^ ~ logA^. We will 
prove it in the next section for the convenience of the reader. 

We use the notation A ~ 5 whenever there exist two universal con- 
stants c,c' > so that c'B < A < cB. 

Remark 6. For (3 = 0, it is easy to show that truncations preserve 
uniformly the class of bounded Hankel operators. It is sufficient to 
consider positive integer values of 'j. In fact, one has Ilo,N+i{Hbf) = 
(/ — SN)Hbf for N eN so that it suffices to use that Sn is a bounded 
operator on 1 < p < 00, with a bound independent on N. When 

(3 = 00 (that is when truncations of Hankel matrices are with respect to 
directions n = N), one may show also the analogous fact. To do so, it 
suffices to argue by duality and to show that, for b G Aa(JS>), Ho^N^Hh) 
maps boundedly HP (D) into Aq,/(D), where a' = a — 1/p' , with a bound 
independent of N. We will prove this in the next section. 

Let us deduce Theorem ^ from the corollary. It is clear that 

^^i"^(/l,...,/n)W= WlX---x/„)(z). 

Using the factorization of functions in Hardy classes, we know that 
nj^"^ is bounded as an operator from (7i^(D))" into 7i^(D) if and only 
if the Hankel operator Hi, is bounded from n'^/''{]D)) into ^^(ro), that 
is, if and only if b is in A„(©) for a = ^ . To conclude, we use the 

fact that the truncation H/3^^ of if^"'' for (3 = . . . , 1), corresponds 
to the truncation Hj, ,^ of Hh, as it can be easily verified. 
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Let US finally remark that this paper leaves open the general problem 
of all truncations of multilinear Hankel operators. One may be tempted 
to reduce to multilinear Hilbert transforms, as studied in |MTTj . 



The remainder of the paper is organized as follows. In the next 
section, we deduce the corollary from Theorem El In the last one, we 
prove Theorem lU Let us emphasize the fact that this last proof does 
not use Lacey-Thiele Theorem, and is elementary compared to it. 

2. The link between truncations and bilinear Hilbert 

transforms 

At first, we prove the result corresponding to truncations with (3 = 
oo, as stated in the remark 

Proof. Let us recall that it is sufficient to prove that, for a' = a — -p, 

||no,Ari^b(/)||A^(D) < C\\f\\np' {0)\MAcm 

with a constant independent of G N. By density, it is sufficient to 
prove this inequality on trigonometric polynomials. It is easy to show 
that 

Tfiz) := Uo,MH,{f){z) = ^ I KC)/(C)(<)^^^, 
where /(C) := /(C) as before. Using Stokes Formula, we get 

Tf{z) = IJ^ (6(re^^) + b'ire^')) /(re-^).^r^e-^^ ^ . 

Assume to simplify that < a < 1. By the holomorphic characteri- 
zation of Lipschitz spaces, it suffices to show that 

\{Tfy{z)\<C{l-\z\r'-\ 

Computing the derivative of T{f), and using the fact that |A^z^r^| < 
C(l — rl^;!)"-*^, we get the estimate 

r riflfir 

\{Tf)\z)\<C \h{re^') + h\re'')\ \f{re-'')\{l - r\z\)-\ — . 

Jo \^ ~ e I 

We use that |6(re^^) + 6'(re*^)| < C||&||a„(d)(1 - r^'^ and Hdlder's 
Inequality to get that 

\{Tf)\z)\ < C\\bh^^n)\\fhr'ml' (/^~'^""'- dr 



< C{l-\z\f+'^^^\ 



'i-r\z\y-yp 

\Ac.m\\f\\np'{o)- 

It ends the proof. □ 
We now recall the following characterization of Lipschitz spaces. 
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PROPOSITION 7. A function b belongs to A„(T) if and only if there 
exists a decomposition b = Yl^=o^j '^'^^^ ll^'^jlloo < A2~^^"~^'^ for any 
integer < I < k, where k is the smallest integer > a. 

Ifb& Aq(D), the decomposition may be chosen so that the spectrum 
ofbj, j > 1, lies in {2^~^,--- ,2-'+^} and bo is a constant. Moreover, 
the norm is equivalent to the smallest constant A for which we have 
\\bj\\oo < A2-i'^ for allj > 0. 

The first statement can be found in [Sj, on page 256. The second 
one can be obtained from the proof given there when a < 1, using a 
variant of the kernel of De La Vallee Poussin adapted to the dyadic 
decomposition. Then one concludes using the action of powers of the 
Laplacian, which give isomorphisms between Lipschitz spaces with dif- 
ferent parameters. 

As a classical corollary, we prove the following. 

COROLLARY 8. For any N the norm of the operator from 
Aq,(T) into itself is equivalent to logN. In other words 

||5'Ar||A^(T)K^A,(T) - log A^. 

Proof. Denote by Z^at the Dirichlet kernel of order A^. As ||-DAr||Li(T) — 
log A^, it follows easily that 

||'S'Af||A„(T)i-^A<,(T) < ClogA^. 

It is sufficient to prove the converse inequality for the operator Sj^- 
defined by 

n<N 

We start from the well known fact that, for all M > 1, one can find 
a trigonometric polynomial g of degree 2M such that ||5'||l°o(t) — 1 
and ||>S'j{j5'||loo(x) ~ logM. Let us assume that A^ = 4 x 2" for some 
integer n > 1. Take M = ^, then the function / = e^^^^g satis- 
fies ||/||l°°(t) — 1 and ||5'^/||l°°(t) — logA^ and has a spectrum in- 
cluded in {2"', ■ ■ ■ , 2"+^}. Moreover, by the previous proposition, and 
the spectrum assumption on /, one has ||/||ac,(t) — 2'^°||/||i^oo(']r) and 
||5+/||A.(Tr) ~ 2"°||5+/|Uoo(T). This finishes the proof. □ 

In the following, we are going to use the same kind of idea in the 
general case to get rid of the dependence in 7 of the constants. Let 
us consider now the truncation 11/3^^. Remark that, if (3 and 7 are 
negative, then lip^^H}, = Hb and there is nothing to prove. We will not 
consider this case any longer. If 7 < and P > 0, then (J — 11^ = 
(/ — .y)ifpj_^^^j(;,) where P/v(&) denotes the projection of b on the 
space of functions whose spectrum is contained in [A", 00). If 7 > 
and P > 0, then U/^ ^^Hf, = n^,-^ifp|^j(;,). In the last case, where 7 > 
and (3 <0, then Uf^^^Hb = n^,^ifp^^_^ (&) where n^''^ = min{[7], [-7//?]} 
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(here [.] denotes the integer part). So, in any case, b may be replaced 
by some projection P^fi-iip) of h where 

{= [-7//?] when 7 < and /3 > 
= [7] when 7 > and /5 > 
= min{[7], [— 7//9]}} otherwise 

So, it suffices to consider the symbols h modulo a polynomial of degree 
smaller than n^''^ . The following lemma will allow us to modify h by 
adding such a polynomial. The main point, here, is the fact that the 
constant is admissible. 

LEMMA 9. Let « > 0. There exists a constant C with the following 
property: for any h G Aq,(D) and N ^ N, there exists a function b such 
that PN{b) = Pat (6), and, for all M E Z, 

\\be'h.m < c(]^ + i)"|I&IIa.(o)- 

Proof. When < 16, we take b = b. We conclude easily, using the 
fact that the norm in A„(T) of C ^ C*^ is equivalent to (|M| + 1)°. 
Consider now > 16, and choose A'o so that 2^° < A^ < 2^"+^ Use 
the Littlewood-Paley decomposition given in Proposition [3 to write b 
as 6 = ^ bj with the spectrum of bj, for j > 1, included in [2^~^, 2-'"'"^). 
We can clearly take 

b= y: 

j>No-2 

For simplicity, we assume that a < 1. The new function a{Q = &(C)C*^ 
can be written as '^j>N^_2'^jy with aj{() = bj{()(^^. It is clear that, 
for J > A^o - 2, 

(5) ||a,|U < C2-^", ||a;|U < C + 1^ 2^-(^-) . 

Indeed, for the second inequality, we use Bernstein Inequality to get 
that ||6^.||oo < C2^\\ ^illoo- The second term, in the derivative of Oj, is 
bounded by \M\ x ||&j||oo- The inequality follows at once, using the 
fact that A^ + 1 < 2^+^. We adapt the proof given in ^ to deduce the 
required inequality for a. 

□ 

Proof. We are now in position to prove that Corollary |3] follows from 
Theorem ini It is sufficient to prove, for trigonometrical polynomials b 
and /, that 

(6) \\Up^^Hbif)\\npm < C||6||a„(d) x WfWmm 

for some constant C that depends only on (3 and is uniformly bounded 
when /3 lies in a compact set of ]R\ {— 1, 0}. Moreover, since b and / are 
trigonometric polynomials, we can restrict to rational values j for P, 
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and values of 7 such that 7/ is an integer, as soon as we show that the 
constant C may be taken independent of k,l,'y when these last ones 
vary in such a way that y lies in a compact set of M \ { — 1, 0}. So, we 

k 

assume that (3 = j ^ —1 with A;, / G Z, / 7^ and that I'-f G Z. We 

may also assume that A; + / > 0. 

Assume that f(t) = XlneN elementary computation shows 
that the analytic part of the function 

p.v. / b{kx + lt)e'^^^'^-'^ f{{k + l)t) — 

J J tan — 2" 

is equal to 

J2 a^bm+nsign{l{m - (3n - 7))e^-('=+0-. 

n,mGN 

We recognize the function sign(Z)(2n^,^ - J)(i/fc(/))(e^('=+')-)> for which 
we want to have an estimate (recall that we have such an estimate 
for Hb{f)). By Lemma El and the remark before, we can replace b by 
the function b that corresponds to the choice N = n^'"' . On the other 
hand, this term is equal to the analytic part of the function 

^m+k)x f 5(A;x + /t)e-^W('^^+'*)e*^'(^-*)/((fc + /)t- 
Jt' — V ' 1 

=b{kx+lt) 



tan ^ 



where 5 = 7 — [7]. This is the analytic part of e^^'^^^''~^''^^'Hk,i,si{b, /), up 
to the Cauchy projection of 

b{{k + l)x)xp.v. I f{{k + l)t)-^. 

Jt Tan ^- 

This last term coincides with ifj^(/)(e*^^"'"'^^) and is in 7i^(D) with norm 
bounded by 

c||^IIa.(d) X WfWwm < c'II^IIa.(b) x II/IIw(b)- 

By TheoremEl the term e^W('+'=)^7^fc,/,5(6, /) is also in Hp{T) with norm 
bounded by C'||6||aq(t) ||/||h9(t) for some admissible constant C. This 
last quantity is, in turn, bounded by C(|/3| + 1)" ||&||ac(d) x ||/lk9(D), 
as one can see by using Lemma IHl □ 

3. Proof of the Theorem El 

Let us note L = k + I. Let us remark first that it is sufficient to 
consider the case when L > (the general case follows by replacing b 
by b such that b{x) := b{—x) and / by / such that f{x) := /(— x)). 

Let us give a first reduction of the problem. We use the following 
lemma, where r denotes the translation by y on the torus. Its proof is 
elementary. 
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LEMMA 10. For all trigonometrical polynomials b and f , the follow- 
ing identity is valid. 

(7) nk,iAb o r^, / o r) = nk,iAb, f) ° r. 

Cutting into eight parts the function / and using this lemma, we 
reduce to periodic functions with support in (0, +^) in the case q > 1. 
For the case of < 1, by the atomic decomposition Theorem of if^(T), 
it suffices to consider the action of Ti.k,i,^{b, •) on i7^(T)-atoms, also 
called g-atoms. So, let / be a g-atom, that is, cither a constant or 
a function / on T supported in some interval / on the torus (we will 
always assume its length less than 7r/4, which is possible) so that 

L°°(T) < |/|~^^^ and j f{x)dx = for any integer k < 1. 

We have seen that Hk,i,ij,{b, f) is 27r/L-periodic. We simplify the 
notation, and write 

Tf{x) n,,Ub: /) (f ) , 
so that, after a change of variable in the integral, one can write 

dt 



Tf{x) 



nL 



a:+|(i-x))e'^M-6(x) 



fit) 



-TZL 

We are restricted to prove that 

(8) ||T(/)|U.(]_.,.[)<C||6|U^m||/b,(T) 
for / supported in the interval (0, +^) when g > 1, or 

(9) ||T(/)|U.(]^.,.[)<C||fe||A„(T)||/|k.(T) 

for / is a g-atom supported in (0, +r) for some r < ^ when g < 1. 

Let us explain the next reduction of the problem. For < tt, 
|s| < Ltt and s in the support of the periodic function /, we can write 

1 1 I , fx-s 



L tan ^ X — s L 

with %l) a C°° function with compact support. Indeed, the conditions 
on s, X and L, imply that < ^. We get rid of the term with 
by showing the next lemma. 

LEMMA 11. Let ip be a function with compact support. Then 
there exists admissible constants C, Cg depending on ip such that, for f 
a periodic integrable function supported in (0, +7r/4) (modulo 27t), the 
quantity 

A{x) ^jf"^ ^ + Z^^ ~ e'^^"""'^ - ^i^) /(«)^ (^^) 

is uniformly bounded, for \x\ < n, by C\\b\\L°°(j)\\f\\i,i(j). Moreover, it 
is bounded by Cq\\b\\\^(j) when f is a q-atom, with (5 — 1/q — 1. 
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Proof. A{x) may be written as a scalar product < f,g > on the real 
line, where / is the function on the real line which coincides with / on 
(— Ltt, +L7r) and is zero outside, while g takes care of the other terms. 



Consider the first case, and remark that 



L 



Li(T)5 



while 



the norm of g in L°°(M) is bounded, up to a constant, by the norm of 
b in L°°(T). The conclusion follows at once. Assume now that g < 1. 
Then / is the sum of L g-atoms of H'^{M.). On the other hand, one has 
||5'||a^(r) < C'||6||A^('f), with C admissible constant. We conclude, using 
the fact that the space A^(M) being the dual space of if'^(M). □ 



The main term can be written as Tf{x) + Tf{x), where 



(10) Tf{x) 



and 
(11) 



Tf{x) 



b { X + — (s — x] 



b { X + —{s — x] 



b{x) 



fis) 



ds 



X — s 



'7r<|s|<L7r 

Let us start with the first term. 



b{x) 



ds 



X 



PROPOSITION 12. There exist admissible constants Cq so that 



:i2) 



\\T{f)\\Ln-.,+.)<Cq 



|A„(T) 



when q > 1 and f is supported in the interval (0, +^) and ||/||l'?(t) < 1, 
or when q < 1 and f is a q-atom supported in (0, +r), for some r < j. 

Proof. We can deduce the required estimate from the analogue of The- 
orem El on the real line, which we state now. We define, for /3 G M, for 
b G A„(M) and / G H'^(R), 



(13) n(,{b,f)ix):-- 



[b{x + P{s-x)) -b{x)]f{s)■ 



ds 



X 



We have the following proposition. 

PROPOSITION 13. Let 1 < p < oo, < q < p and a = ^ - ^. 

There exists a constant C = C{(3) > so that, for any sufficiently 
smooth functions b G Aq,(R) and f G if^(]R) 



(14) 



\\np{bj)\\HHm<c\\f\\mi 



Furthermore, C{[3) is uniformly hounded when j3 lies in a compact set 
ofR. 

Remark 14. Let us emphasize that this result may be seen as an ele- 
mentary case of Lacey-Thiele Theorem on the bilinear Hilbert transform 

(see |CTT], [lE], ITTraj .)- 
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Proof. Let us again simplify the notation, and set S{f) := l-ip{h,f). 
The kernel of S is bounded, up to the constant C'|/3|"||6||ac,(r), by the 
Riesz potential \x — s|~^^", and the estimate follows directly from the 
classical estimates on Riesz potentials when g > 1. 

Let us now concentrate on g < 1, and assume that / is an atom 
supported in the interval I = (— r, +r) (we can reduce to this case, 
using invariance by translation as in Lemma [7j). Using interpolation, 
it is sufficient to consider non integer values of a. We assume that 
k < a < k + 1. We write S{f) = Ai + A2, with Ai = 5'(/)ll(_2r,+2r)- 
We prove that both Ai et A2 are L^-functions. To prove that Ai G L^, 
we remark that, because of the fact that / has vanishing moments up 
to order k, we can replace the content of the bracket, in the definition 
of S{f) as an integral given in (fT^ . by 

b (x + (3(s - x)) - y - xV. 

j=o 

This last quantity is bounded byC|/3|"|s — We obtain that 

<C|/5rr"-"'||6|UX,,(|/|)(x), 

where Xq/ denotes the fractional integral related to the Riesz potential 
\x — sl^""^^" . We have chosen a' < 1, such that ^ = 4 — a' with p > 1. 
Then 

PiIIl. <C|/3rr"-"'||6|U||/|U,. 

We conclude for A\ using the fact that / is a g-atom supported in 
(-r,+r), that is, || /|Uo.(k) < Cr-V^. 

To deal with A2, we replace the content of the bracket of ()13|) differ- 
ently. We write that 6 (x + /3(s — x)) — h{x) is the sum of three terms, 
that is. 

The last term may be written as the product oi s — x with a polynomial 
in s of degree less than k. Because of the condition on the moments 
of /, the corresponding term is zero. The first term is bounded by 
^°I/5|"II^I|ac(ir), the second one by |/5|"||&||A,(R)|a;|". So, we can write 
A2 as a sum of two terms, Ag^'' and A^2 \ corresponding to the two terms 
above. For |x| > 2r, |A^^''(x)| is bounded by r"|^|"||fe||A<,(R)||/||Li(R)/|a;|. 

The bound for its norm follows at once. For A2 , we use the well- 
known fact that the Hilbert transform of the g-atom / is bounded by 
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i\^^\k+2 |^| ^ 2r. We obtain the estimate 

for I a; I > 2r, from which we conclude at once. 

This finishes the proof of Proposition El □ 

We conclude for the proof of Proposition using Proposition IT^ for 
Hfs^b,/), with P = j^, f the function that is equal to / on (0, r) and 
vanishes elsewhere, and b{x) = 6(x)e~*^^ (it is elementary to show that 
b belongs to Aq,(M) with a Lipschitz norm bounded by C'||6||a^(t). □ 

We now turn to the estimate of Tf. We prove the following. 

PROPOSITION 15. Let p > 1. There exist admissible constants 
C, Cq SO that, 

(1) if f E L^{T) and is supported in the interval (0, +|), then 

(15) ||T(/)|U.(_.,+.)<C||/|Ui(t)||6||l.(t). 

(2) if q <1 and f is a q-atom supported in (0, +r), for some r < 
then 

(16) ||T(/)|U.(_.,+.)<C,||6||a,(t), 
with P = 1/q — 1. 

Proof. We may assume that L >2, otherwise there is nothing to prove. 
We begin with the case q > I. We will not use any compensation 
between the two terms involving b, so we replace T by 5*, where 

Sif)ix):= [ b(^x + U]e^i^--yit) 



7r<|t|<7rL 



X —t 



We show fll5|l for S{f) in place of T{f). The difference between both 
is of the same type as S{f), except that b is replaced by a constant. 
Now, we use the 27r-periodicity of / to write S{f){x) as 



£/(t) J2 b(^^x + ^it + 2nj)y^T 



i<\j\<L/2 



X — 271 j — t 



We may replace t + 27rj — x by 27rj in the last integral. Indeed, the 
difference is bounded, up to a constant, by 1/j^. Taking the sum, 
we get a quantity which is bounded, up to an admissible constant, by 
||6||iPCf)||/||Li(T)- Indeed, the constant comes from the fact that, for 
the periodic function b, 



(17) 



1 
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It remains to consider the term 

k 



fit) E ^ 
i<lil<W2 



-if (t+27rj) 



-dt. 



J 



Taking the L^-norm on (— vr, +7r) and using Minkowski inequahty, it 
is sufficient to show that \\B{~ ,t)\\LP(--K,+-K) < C||&||lp{t)5 with C an 
admissible constant which is independent of t, where 



B{x,t) :-- 



i<b1<i/2 



X 



+ l(t + 2vrj) 



3 



We use the inequahty fT7j) written for the function B{-,t) to reduce 
to an inequahty for this last function. We will use transference to 
conclude. Let Qj be the strongly continuous representation of Z in 
L^(T) given by 



Ojbit) = b\^t + -2-Ki 
It is clear that B{-,t) is obtained from + j) when using the operator 



E 

l<\j\<L/2 



-2m ti^ 
e L 



3 



The theory of tranference (see |(]Wj ) allows us to conclude that it is a 
uniformly bounded operator on L^(T) once we know that the operator 

given by the convolution by the sequence Cj := e'^'^^^/j for 1 < |j| < 



L/2, 



otherwise, is bounded on £p(Z). This, again, is classical: 



the convolution operator on &'{'L) associated to the sequence (l/j)|j|>i 
is a bounded operator on £^(Z), p > 1, as the discrete analogue of 
the Hilbert transform. The same holds also for the truncated sequence 
(c^) where cj" := 1/j for 1 < |j| < L/2, and Cj=0 otherwise, with an 
operator norm bounded independently of L. The same is also valid for 
the sequence cj given above: we may write this last operator in terms of 
the conjugate of the previous one under the action of the multiplication 
by e"^'^*^. Finally, 



LP(T) 



< c 



+ 



c\\b\\ 



LP{T)- 



LP (J) 



This finishes the proof of 

Let us now prove (fTHIl . For simplicity, we only consider the case when 
f3 is not an integer, which is sufficient for our purpose. We assume that 
/ is an atom supported in (0,r). We write T(/)(x) as 

dt 



m E 

i<lil<V2 



-X + -{t + 27rj) 



b{x) 



2nj - 1 
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As in the proof of Proposition ^[ we write the content of the bracket 
as a sum of terms. Let us first define 

(18) b{x) := b{x)e-'^''. 

As we aheady pointed out, it is elementary to see that b is in A^(R) 
with a norm bounded by C||6||a^(t)- Then, the content of the bracket is 

equal to e^^^Sj(x, t) with Bj{x, t) = Bf\x, t) + Bf\x, t) + Bf\x, t), 
with 

Bf(M) ^ i(|.4(. + 2.,))-|s...(|. + l2.,)(i-)'^ 

The last term may be written as the product of x — 27rj — t with a 
polynomial of degree less than k in t. Because of the condition on the 
moments of /, the corresponding term is zero. 

Let us then consider the second term, which is bounded by C\x — 
27rj|'^||6||A^(T), where C is an admissible constant. To get a bound 
for the corresponding term in T{f){x), we use the fact that the Hilbert 
transform of /, at the point x— 27rj', can be bounded by CA^^~^^~^ 
We conclude, using the fact that ^|j|>i bl^~'^'~^ is finite, and r[^l+^~^ 
is bounded. 

Let us finally consider the first term, which is bounded by Cr^||6||A^(T), 
with C an admissible constant. We proceed exactly as in the proof of 
(fT3j) . using the fact that the L^-norm of / is bounded by r~^. We may 
as well replace t + 27rj — x by 27rj in the last integral in the denomi- 
nator. Moreover, one easily verifies that e^^'^Bj^\x,t) can be written 

as e*i^e~^'^*^c (^(x + 27r^j), t) , where the function c is periodic in the 
first variable x, and is bounded by Cr'^ ||6||a^(t), with C an admissi- 
ble constant which is independent of t. After this point, the proof is 
exactly the same as the one of (fTH|l . considering the sum 

i<\j\<L/2 ^ ^ / / J 



We will not repeat the proof here, and leave the details for the reader. 
This finishes the proof of Proposition ^2 ^ well as the proof of Theo- 
rem ^ □ 
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